FLUID MECHANICS
Doctoral Qualification Exam, May 2016
Mechanical Engineering Department, Columbia University

Problem 1

For a flow field given by

_ Ty e 4 Lo
I+t - 2+t

where e; and ey are unit vectors along the z; and zo axes respectively, find the equations for (1) the
streamlines at ¢ passing through the point (z; g, 724}, and (2} the pathline for a particle passing through
the location (2,3) at ¢ = 0.

V(1) e,

Problem 2

To identify a point in a continuum, we specify its coordinates in a given reference frame at t = 0
as (X7, Xy, X3). Let the coordinates of the same poiut at ¢ > 0 be given by z; = xi(Xy, Xa, Xa,1),
(i = 1,2,3). In vector notation, the transformation can be written as & = x(A, ), and the inverse
transformation as A = x (&, t). The ratio of a volume occupied by an infinitesimal material regiou
at time ¢ to its volume at ¢ = (i is defined as the Jacobian of the transformation.

1. Show that for the transformation z; = y;(X, Xa, X3,1), (i = 1,2,3)

dx1 Ox1 Oxa Ox1  Ox2 Oxa
AN R
X2 X2 X2 X1 X2 X3
J(X, X, X3, t) =
X0 X X0 ) =1 557 3%, 0% | O | 0% 3%, ax,
dxs Oxs Oxs dx1  dx2 Oxs
ax, 90X, 0X3 9X, 09Xy 88X,

D
2. Find the Jacobian for the transformation z; = Xjet, x5 = Xpe™, 23 = X4 and show that L
D Bl
J(V - ¥), where — is the substantial or material derivative, ¥ = ¥{&, ¢) is the velocity in spatial

coordinates, and V - v = div ¥ is the divergence of ¥ in spatial coordinates.
. D.J -
3. Given that o = J( X1, Xa, X3,8)(V - ¥), show that
d " Do
— dV = —dV,
o ] po j STl
Vit) Vit
where ¢(&, t) is any scalar property of the fluid, and p(a, 1) is the density of the fluid.

Problem 3 on next page
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FLUID MECHANICS
Doctoral Qualification Exam, May 2016
Mechanical Engineering Department, Columbia University

Problem 3

Consider a stationary bubble of incondensible gas in a infinite domain of mecompressible liquid at
uniform temperature. At ¢ = (), the pressure in the liquid is p.,{0) and the radius of the bubble is .
The pressure in the liquid reduces to py(t) = pi, for ¢ > 0, resulting in an expansion of the bubble. The
expansion is a splerically symmetric process. Auswer the following questions regarding the expansion
process:

Ft) . .
ST for v > R(t}l. From

the kinematic boundary condition at r = R(t), find the relation between F{t) and R(t), R(z).

1. Siuce the liquid is incompressible, show that the radial velocity u{r.t) =

2. The density and wiscosity of the liquid are p; and gy rvespectively. Substitute the expression

Flt)

u(r, 1) = —= into the Navier-Stokes equation {sec appendix for Navier-Stokes equation in spher-
T

ical eoordinates) to obtain the following equation:

14 L. 2F?
pLor 1 i
where p(r,t) is the pressure at time £ and r > R(t).

pirt) —polt) F (R, 1) — poolt)

3. Integrate the ahove equation to show that 1
PL T2 o1

RR+ -R°.
2
4. If the gas-liquid interface has a surface tension o, the pressure inside and outside a stationary

2
bubble are related by pip — Pow = % ‘When the buhble is expanding, p,.; lias to be replaced by

the appropriate component of the stress tensor. Using the expressions for the components of the
R| 2
stress tensor given in the appendix, show that pg(t) — [p(R, 1) + 4,{%51 = EU.
5. Assuming that the behavior of the gas in the bubble is polytropic, ie, pp{0)RY = pg(t)R¥*

, RE* 20 R .3,
(k> 1), show that pp(0) g — Poolt) = 7 + ey +por (RR +5 1),

6. Under what conditions can the viscous term in the above expression be neglected?

Problem 4 on next page
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FLUID MECHANICS
Doctoral Qualification Exam, May 2016
Mechanical Engineering Department, Columbia University

Problem 4
Inviscid fluid at velocity Uy flows around a cylinder of radius & located at the origin and rotating with
an angular velocity w (see Fig. 1). Answer the following questions:

1. Use superposition to construct the complex patential F'(z) of uniforin flow around a rotating
cylinder. Hint: What is the comnplex potential of uniform How? How is it modified because of
the presence of a stationary cylinder? What additional term is necessary when the cylinder is

. . C .
rotating? Commonly used complex potentials are Az, Blnz, —, where A, B, () are appropriately
z

chosen (complex) constants.
2. Find the velocity and pressure distribution on the boundary of the cylinder.

3. Determine the lift and drag force on the cylinder.

Figure 1. Problem 4
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B3, Spherical Polur Coordinoten 847

B3. Spherical Polar Coordinates

The spherical polar coordinates used are (r, 8, ), where ¢ is the azimuthal angle
{Figure 3.1e). Equations are presented assuming 1 is a scalar, and

u =i, +igg +iply,

where iy, i5, and i, are the local unit vcctors at a point.



848 Appendiz B: Curvilinear Coordinates

Gradient of a scalar
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B3. Spherical Polar Courdinates 849
Vorticity
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FLUIDS
Doctoral Qualifying Examination, January 2016
Mechanical Engineering Department, Columbia University

Problem 1
Hints on last page.

An incompressible liquid is placed inside a cylindrical container with inner radius r,, and
spun about the cylinder axis at a constant angular speed @ . At steady state, the velocity of

l 202 +
the liquid is given by v=wre, and its pressure is p= p[aw‘r* —gz]+ 1, where p is the

liquid's density, g is the gravitational acceleration [ie., the body force is b=—ge ), and p,
is the fluid pressure at the bottom center of the cylinder (r=0, z=0}.

a) Verify that the given fluid velocity satisfies the axiom of mass balance.

b) Evaluate the acceleration a of the fluid.

c] Evaluate curlv.

d] Foran incompressible Newtonian fluid, the stress tensor is given by T=—pIl+2uD,

where I is the identity tensor, D is the symmetric part of gradv, and y is the viscosity.

For the given velocity and pressure, evaluate the stress T.

e) Verify that your solution for T satisfies the axiom of linear momentum balance.

f) Evaluate the traction vector on the bottom face of the container.

g) Evaluate the traction on the lateral face of the container.

h} The free surface of the liquid must be traction-free. What is the profile (shape) of the
free surface?

i) Given p,, what is the initial height of the liquid surface (before spinning)?
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FLUIDS
Doctoral Qualifying Examination, January 2016
Mechanical Engineering Department, Columbia University

Problem 2
1
a) Provethat (gradv) - v=wx v+grad{5v-v] , where w=cnurlv.

b) Derive Bernoulli's equation from the linear momentum balance equation, assuming that
the flow is incompressible, steady, and inviscid, and that the external body forces are

conservative.



FLUIDS
Doctoral Qualifying Examination, January 2016
Mechanical Engineering Department, Columbia University

Problem 3
Consider a semi-infinite fluid domain above an infinite plate located in the x, — x, plane, in

the absence of body forces and external pressure gradients. The plate oscillates
sinusoidally along x, with an amplitude v, and angular frequency @ . The fluid is

incompressible and Newtonian. Solve for the fluid velocity above the plate.

671G



FLUIDS
Doctoral Qualifying Examination, January 2016
Mechanical Engineering Department, Columbia University

Problem 4
The axiom of entropy inequality is given by

—p(W+J19)+T:D—%q‘grad920

where y is the specific free energy, n is the specific entropy, T is the Cauchy stress, q is
the heat flux, p is the density, 9 is the temperature and D= (gradv +grad’ v)/2 is the rate
of deformation.

a} Show that J =/ divv, where J =detF and F is the deformation gradient.

b} To model viscous compressible fluids under isothermal conditions, we restrict our

choice of state variables to 8, / and D. What constraints does the entropy inequality
now impose on the functions of state w, 1, T and q7

c) Foracompressible Newtonian viscous fluid, show that the entropy inequality implies
that the bulk and shear viscosities must be positive.
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FLUIDS
Doctoral Qualifying Examination, January 2016
Mechanical Engineering Department, Columbia University

Hints

Cylindrical coordinates
Gradient of a scalar field ¢

Gradient of a vector field v
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Doctoral Qualifying Examination, January 2015
Mechanical Engineering Department, Columbia University
FLUID MECHANICS

Problem 1

An incompressible Newtonian fluid maintains a steady flow under the action of a
prescribed uniform pressure gradient dp/dz along a horizontal annular pipe, in the
absence of body forces. The inner and outer radii of the pipe are R, and R , respectively.

a) Starting from the continuity and Navier-Stokes equations in cylindrical coordinates,

write down the governing system of equations and the appropriate boundary
conditions, carefully outlining your assumptions,
b) Calculate the velocity field.

¢) Calculate the volumetric flow rate Q in the pipe.

Hint: Differential operators in cylindrical coordinates

Vov= ke +-1—[av9 +vr]+ o,

T or rloo oz
a ic o
(Vo).=5 (Vo) =5 (V.=

v, oy |4 9%,

op 81 o7

2

[% + 2er + 7,

aZZ .
) 2120, 0 ), 19y,
(V ")z'rar[’ E)r}-r2 6 o

| p%=—vp+(z+p)v(v-v)+w2v+ pb

19 1
?5(""’)}’?
i

WA T



Doctoral Qualifying Examination, January 2015
Mechanical Engineering Department, Columbia Umver51ty
FLUID MECHANICS

Problem 2 _
The spatial description of a continuum flow is given by x = tp(é,t) where the components of

X are

X = %(gl + gz)el +%(§1 - gz)e—r
*, = %(él + éz)e.f _"%(51 §2)34
%=,

Evaluate the Jacobian for this motion.

Is the flow incompressible? Does a material volume expand or shrink in time?
Determine the material description & =¢™ (x,t).

Calculate the velocity and acceleration fields in terms of the material coordinates..
Calculate the velocity and acceleration fields in terms of the spatial coordinates.

Calculate the velocity gradient tensor L.
Calculate the rate of deformation tensor D.

Assuming a Newtonian fluid, calculate the stress tensor T=-pl + l(trD)I +2uD.

Calculate the three invariants of the stress tensor.



Doctorat Qualifying Examination, January 2015
Mechanical Engineering Department, Columbia University
FLUID MECHANICS

Problem 3

—>» |H h(x)

A stream of a frictionless liquid of height A and speed U flows over a small bump of
height & (x) where 6(x) « H . Derive an expression for the slope of the free surface above

the bump to infer whether, and under what conditions, the free surface rises or falls.




Doctoral Qualifying Examination, January 2014
Mechanical Engineering Department, Columbia University
FLUID MECHANICS

1) An incompressible, Newtonian fluid maintains a steady, two dimensional flow under the
action of gravity along an inclined planc of angle B relative to the horizontal. The thickness of
the fluid film is h and the pressure on the free surface is .

a) Starting from the continuily and Navier-Stokes cquations in three dimensions write down
the governing system of equations and the appropriate boundary conditions, carefully
outlining yonr assunptions.

b) Calculate the pressure and velocity ficlds.
¢) Calenlate the stress and strain rate tensors.

d} Calculate the film thickness in terms of the volnmetric low rate.

2) Consider the flow of a perfect, barotropic fluid under the influence of a couservative body

force. Prove Kelvin’s theorem, i.c.

or_b

== dVidx, =0
Dt Dty

3) Starting with conservation of angular momentum in the absence of point torques, i.e.
.. DU T 7 e me
Jp Fx——dV = J[rpr ~V-(T><rj]dV

Vit D Vi

and nsing tensor notation show that Lhe stress tensor is symmelric.,



554

Doctoral Qualifying Examination, January 2013
Mechanical Engineering, Columbia University
FLUID MECHANICS

Problem 1

The profiles of the horizontal component of the velocity are measured at the leading and trailing
edges of a flat plate, inside a wind tunnel. The results are shown in the figure below.

U U

Assuming steady flow and uniform pressure throughout, calculate the force (per unit depth)
exerted on the plate.
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Doctoral Qualifying Examination, January 2013
Mechanical Engineering, Columbia University
FLUID MECHANICS

Problem 2

Derive Cauchy’s equation of motion (conservation of linear momentum) using a Lagrangian

(material) control volume. Next, assume a Newtonian fluid, for which,
F=2uP+alv-#)T-pT
~where T is the stress tensor, D is the strain rate tensor, T is the unit tensor, p is the pressure, 174
is the velocity vector, and A and u are the viscosity coefficients.

Derive the Navier-Stokes equation. Further simplify by assuming incompressible flow and

constant fiuid properties.

hints : Dﬂt'[f dv =V |:z+§(17f)}dlf
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Doctoral Qualifying Examination, January 2013
Mechanical Engineering, Columbia University
FLUID MECHANICS

Problem 3

Starting from the Navier-Stokes equation and assuming steady flow of an inviscid fluid write
down Euler’s equation and discuss the implications on the boundary conditions. Next, assuming

a conservative body force, derive Bernoulli’s equation.
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Doctoral Qualifying Examination, January 2012
Mechanical Engineering, Columbia University
FLUID MECHANICS

1} Consider the steady, laminar flow of an incompressible, Newtonian fluid of constant viscosity
L, flowing in an infinitely long, rectangular conduit, with cross-sectional dimensions a and b.
Ignoring gravity, write down the applicable system of governing equations and solve for the
axial velocity distribution in terms of the axial pressure gradient and the cross-sectional

coordinates, e.g., U, =U,(x,y,0p/ &)

hings: %wvﬁ:o & p%—v=—vp+(z,+p)v(v-17)+ﬂv117+p5
f

2) The spatial description of a continuum flow is given by,

(¢l+¢2)e += («fl &)e”

Xy =E(§1 ""{»:2)‘3r _5(51 _‘52)67
x2=§3

a) Show that the Jacobian does not vanish for this motion.
b) Is the flow incompressible? Does a material volume expand or shnnk in time?
¢) Determine the material description & = £(%,1).
d) Calculate the velocity and acceleration fields in terms of the material coordlnates

e) Calculate the velocity and acceleration fields in terms of the spatial coordinates.
f) Calculate the velocity gradient tensor Lj. '
g) Calculate the rate of deformation tensor Dy.
h) Assuming a Newtonian fluid calculate the siress tensor z;.
hint: 1, =(-p+A D, )6, +2uD,
1) Calculate the three invariants of the stress tensor.
hint: ¥-10+A10-4 =0

3) Consider the two dimensional potential flow resulting from a source of strength m at z=ih and
a source of strength m at z=-ih.

a) Calculate the complex potential for this flow.
hint: f(z)= 2—1n(z 2

b) Calculate the ve10c1ty components u(x,y) and v(x,y).

¢) Sketch the potential lines and the streamlines, and identify the stagnation points.
Note that the real axis is the streamline y=0. Hence, the solution is also valid for flow from
a source of strength m at z=ih against an infinite plate along the real axis (y=0).

d) Calculate the pressure distribution along the surface of the plate.

e) Assuming that the pressure below the plate is equal to the stagnation pressure in the fluid,
calculate the force exerted on the plate.

x*dx X 1 x

- hint: _[(xz T e +az)+5tanl[§ﬂ
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2011 QUALIFYING EXAM - FLUID MECHANICS QUESTIONS

1) Show that the most general constitutive equation of a Stokesian fluid is a quadratic by proving
that powers of the rate of deformation tensor higher than the second can always be expressed
in terms of lower powers (Caley-Hamilton theorem).

2) The velocity and pressure fields of a continuum flow are given by,

V(%,1)= (x, +xe )f, —2x, b+ Xy by
2 2
plE.t)=p,~p [%-I— 2x; +£23++ x,x3e"]

where pg is the stagnation pressure (constant).

a) Determine the spatial description X= x(g’,:) where & = )'c(O).

b} Calculate and sketch the pathline passing through point (-1, 1. 1) att=0.
¢) Calculate the acceleration field &(It',t). ;\—J..

d) Calculate the velocity gradient tensor L;;. 1
e) Calculate the rate of deformation tensor Dj.

£} Is the flow incompressible?

g) Assuming a Newtonian {luid calculate the stress tensor z;.

hint:  r,=(-p+AD,)S, +2uD;

h) Assuming constant density calculate the rate of mass 1 X3
inflow inta the Eulerian control volume (fixed in space ’
- and time) consisting of the unit cube, as shown in the

. - 'x[ ].
accompanying figure.

1} Calculate the total surface force acting on the side facing
the positive x; axis.

3) Consider the irrotational flow of a perfect, incompressible fluid flowing past a wall with a
vortex of strength I a distance h away from the wall, as shown in the figure, Far away from
the vortex the flow is paratlel with uniform velocity U, and free stream static pressure pe,.

a) Write down the complex potential for this flow.

b} Calculate the velocity field and verify that, far from :
the vortex, the flow is indeed parallel with uniform 3 Uo G.‘*r
velocity U,. Also verity that the boundary condition —
is satisfied. " -

h

c¢) Calculate the pressure distribution p(x) along the
wall and the total force (per unit depth) on the wall Do
assuming that the pressure on the other side of the
wall is po.

. . i
Hint : complex potential of avortex: - —;——[n( 2-7%)
by
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2010 QUALIFYING EXAM - FLUID MECHANICS QUESTIONS

1) Consider an infinitely long flat plate above which there y
is an incompressible, Newtonian fluid with viscosity

pand density p. The plate is oscillating along the x axis

with a frequency o as shown in the figure. Calculate the

resulting velocity field of the fluid.

2) The stress tensor at point P is,

o o o

1
0
1

«
Ii
—_— D e

a) Find the unit vector (outward) normal to the plane

ABC of the tetrahedron shown in the figure.

b) Calculate the traction vector on the plane passing

through point P and parallel to plane ABC.
c¢) Calculate the component of the traction vector normal to the plane.
d) Calculate the angle between the traction vector and the normal to the plane.

e) Calculate the three invariants of the stress tensor.

hint: ¥-A0+A'@-1=0

3) The particle paths of Gerstner waves are given by,

e
x =a +Tsin[k(a +ct)]

e—bk
X, =-b —Tcos[k(a + ct)]
X5 = cons tanrt
a) Relate the constants @ and & to the initial position and show that the particle paths are
circles.

b) Find the velocity vector.

¢) Show that the Jacobian is equal to 1.



Doctoral Qualifying Examihation, January 2009
Mechanical Engineering, Columbia University

42|

FLUID MECHANICS

Problem 1:

Starting from the Navier-Stokes equation and assuming steady flow of an inviscid fluid sub] ect to
a conservative body force, derive Bemoulli’s equation.

11 0f24



Deoctoral Qualifying Examination, January 2009
Mechanical Engineering, Columbia University

FLUID MECHANICS | | 422

Probleni 2:

A stream of a frictionless liquid of height A and speed U flows over a small bump of height &x)

where &x) << H, as shown in the figure below.

R

Derive an expression for the slope of the free surface above the bump to infer whether, and

under what conditions, the free surface rises or falls.

12 of 24



Doétoral Qualifying Examination, January 2009 '
Mechanical Engineering, Columbia University 423

FLUID MECHANICS
Problem 3:

The velocity field of a continuum flow 1s given by,
V(z,t)= (x1 +x,e " )fl —2x, 1y + X, 1
a) Determine the spatial description ¥ = i'(f ,t) where £ = J?'(O). _
.b) Calculate and sketch the pathline passing through point (-1, 1, 1) at time t = 0.
¢) Calculate the acceleration field &(%,¢).
d) Calculate the rate of deformation tensor D;,.
e)l Is the flow incompressible? |
f) Assuming a Newtonian fluid calculate the stress tensor z;.

Hint: 7, = (-p+A DH()J,.}. +2uD,

g) Calculate the principal values of z;.

13 0f24



2008 QUALIFYING EXAM - FLUID MECHANICS QUESTIONS

1) Consider an infinitely long flat plate above which there
is a Newtonian fluid. Initially, both the plate and the
fluid are at rest. Then, sﬁddenly, the plate begins to

u(O,:):{ 0 for t<0

move with constant velocity as shown in the figure. U for >0

Calculate the resulting velocity field of the fluid.

2) The constitutive relation of a Newtonian fluid is known to be P = aD + I where P is the
viscous stress tensor, D) is the strain rate tensor, / is the unit tensor, and a and f are
constants. Measurements, however, reveal that the constitutive relation of this fluid is actually
P= 754 +D? , where ¥ is a measured constant. Is this possible? if so, how are the constants

a, ff and y related to the invariants of the strain rate tensor?

hint: W-AD+AO-F=0

3) Derive Cauchy’s equation of motion (conservation of linear momentum) using an Eulerian

eontrol volume (fixed in space). Next, assume a Newtonian fluid, for which,
7~"=2;15+/1(V'I7)T——p7

where 7T is the stress tensor, D is the strain rate tensor, T is the unit tensor, p is;the pressure,

¥ is the velocity vector, and A and y are the viscosity coefficients.

Derive the Navier-Stokes equation, Further simplify by assuming incompressible flow and

constant fluid properties. ’ '

' hints:  fluxof f=[fV-hdS
S

traction T = A-T
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FLUID MECHANICS Doctoral Qualifying Examination, January 2007
Mechanical Engineering, Columbia University

1) Consider the flow of a perfect, barotropic fluid under the influence of a conservative body

force. Prove Kelvin’s theorem, i.e.,

DDy g

Dt Drd

2) It is observed that the mass flow rate from a circular pipe is # and that the flow is laminar. It
is necessary to design a new pipe to accommodate a new mass flow rate #2/16 of the same

fluid, using the same (constant) pressure grédient. What is the required change in pipe radius?

Hint : Navier — Stokes equations in cylindrical coordinates

du, du, uy du, uy u, ap 1a( ou\ 10, azu,. u, 2 du,
pl—r+u ——+——F-———+u, =——gt y|——]r N —
or For\ ar )~ r* 98 dz F 1)

u,

at o r 98 r 0z
94y, Lazue . ’u, B, 2 du,
¥ 81‘ or r2 a6*? gz ? 39

(au, Ou, wuy Oou, auz) op [1 6( au,) 1 3%u, azu,}
p +i +— gy —|=—Fspul——|r +——é— +—%

: r af

2
pf Sy S Mo O Uty | U} 1P,
ot or r a6 ¥ oz

a o r 98 7oz oz Fory ar 98*  8z°

3) Consider the flow of a perfect, incompressible and irrotational fluid flowing past a wall with a

vortex of strength I" a distance h away from the wall, as shown in the figure. Far away from

the vortex the flow is parallel with uniform ‘Velocity U, and free stream static pressure pe.

a) Write down the complex potential for this flow.

—

b) Calculate the velocity field and verify that, far —)
from the vortex, the flow is indeed parallel with > ;["
uniform velocity U,. Also verify that the ' <&

—>
boundary condition is satisfied. —r

c) Calculate the pressure distribution p(x) along

Do

the wall and the total force (per unit depth) on

the wall‘assuming that the pressure on the other side of the wall is Po

T
Hint : complex pofential of a free vortex : —-Igln(z -zy)



FLUID MECHANICS
Doctoral Qualifying Examination, January 2006

Mechanical Engineering, Columbia University

Problem 1:

The velocity field of a continuum flow of a constant density fluid is given by,
PG =+)x 5 ~x, i,
Calculate the equation of the streamline passing through point (1, 1, 1).
b. Calculate the equation of the pathline passing through point (1, 1, 1) at time t = 0.
c. Calculate the acceleration field @(¥,¢).

d. Isthe flow incompressible?

11 of 22
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FLUID MECHANICS

Doctoral Qualifying Examination, January 2006
Mechanical Engineering, Columbia University

Problem 2:

A circular disk of radius R slowly squeezes a thin liquid film at a rate of # as shown.in the
figure. Assuming incompressible flow calculate:
a. The velocity field.
b. The preséure distribution.

~¢. The force required to move the disk.

Y

v

Hint : Navier —Stokes equations in cylindrical coordinates

du,  Ou, u,ou, u, ou, dp 10( ou 108%, 0u u 20u
P vu, —+ L 4y =— |l ——|r—L |t 5t — < -
ot o r 068 r Oz O ror\_ or) r* 088 oz r° 0
2 2 2
P 6ug+ur6ug+u_98u9+urug +u26u€ =__1__8£+ 18 r6u6,]+ 126uf+8uf_g_g_ 226ur
ot or r 00 r Oz r 06 ror\ or ) r 086 gz r* r° 08

ou, Ou, u, ou, Ou, dp 10( ou, ) 10, 0%,
p +u, +—2L—2 4y, =——t | ——lr +
ot or r 00 oz oz ror\ or r-060° . oz
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FLUID MECHANICS

Doctoral Qualifying Examination, January 2006
Mechanical Engineering, Columbia University

Problem 3:

Consider the steady laminar incompressible flow between two infinite parallel plates as shown in
the figure. The upper plate moves with constant velocity Uy to the right and the lower plate is

stationary. The lower half of the region between the plates (0 <y <h/2) is filled with fluid with
density p; and viscosity p; and the upper half (h/2 <y <h) is filled with fluid with density p, and

viscosity L.
a. Calculate and sketch the velocity profile.

b. Calculate and sketch the shear stress profile.
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FLUID MECHANICS Doctoral Qualifying Examination, January 2005
Mechanical Engineering, Columbia University

Problem 1

An oil having a surface tension of 0.080 N/m is sprayed at a rate of 50 liters per
minute. Ignoring thermal and frictional effects, find the power necessary for a pump
to produce droplets of 1 pm in diaimeter at this rate.

- Problem 2

A plate 1 m wide and 1 m long is placed in a uniform stream of air of velocity 20 my/s.
The veloc1ty profile at the end of the plate is glven by

w/U=2n-* with =y/6 and §=3mm.
Using the appropriate control volume, find the force acting on the plate in the air

stream direction. .

Problem 3

The horizontal component of the Velocity in a boundary layer (laminar,
incompressible, 2 dnnensmnal) is given E
w=UQy/-v16Y) ~ y<b with §=Cx**  C=constant

Find v(x,y) for y<5 What is the maximum valu€e of v for x=1m when U=3m/s and
0=11m.

e
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FLUID MECHANCICS ' Doctoral Qualifying Examination , January 2004
' Mechanical Engineering, Columbia University

1. Give the conditions under which the equation

Je . A
_é_d{-’a((?ut_ - reduces to fi&u‘"_:c
dt- XL LRt
Under which cond1t1ons could the mass flux through a closed surface within the fluad
‘be different from zero if the conservation of mass is given by:

%E ,bts gd«\wrg gv’cm

2. The stream functlon of a certain two dunensmnal ﬂow field i is

o

‘Show that the flow field is irrotational and find the corresponding velocity potential.
What is the maximum pressure if the pressure at the-point of coordinates (1,1) is zero?

3. A liquid (viscosity}, density §) film of thickness t, is estabhished
on a vertical, two dimensional belt moving with upward velocity Ug -
. Find the velocity distribution and the volume flow rate.

i

4. Axial flow occurs between two circular cylinders for

the geometry sk_etched. Draw as precisely as you can the ’ { y
velocity profile within the annulus as the inner cylinder ’ : oA
moves steadily down with Uy, * : ’ Qi

- Do not solve the Navier-Stokes equations but give as

much information as possible about this flow.
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